35. Norreena steerdfreedikeppnin
Fostudagur, 16. april 2021

Timamoérk: 4 klukkustundir. Hvert demi er 7 stiga virdi.
Leyfileg hjdlpargdgn eru skrifferi og teiknidhéld.

Dzemi 1. A t6flu standa endanlega margar heiltélur, allar steerri en einn. A
hverri mintatu baetir Norori & t6fluna minnstu heilt6lunni sem er stzerri en allar
télurnar sem fyrir voru & téflunni og ekki deilanleg med neinni peirra. Synid ad
upp fra vissum timapunkti muni Nordri einungis skrifa frumtélur & t6fluna.

Dami 2. Finnio 61l féll f: R — R pannig a0

fla(l+z))) <z < fla)(1+[f(2)])

gildi fyrir sérhvert z € R.

Deemi 3. Latum n vera jakveeda heiltélu. Anna og Bjarni spila eftirfarandi
leik. Fyrst velur Anna n+1 hlutmengi Ay, ..., A, 41 imenginu {1,...,2"}, hvert
um sig med 2"~ ! stok. Neest velur Bjarni einhverjar n+1 heiltdlur a1, ..., ayy1.
Ad lokum velur Anna heiltélu ¢. Bjarni vinnur ef til er heiltala ¢ pannig ad
1<i<n+4+1logtilsése A;svoads+a; =t (mod 2"). Annars vinnur Anna.
Finnid 61l gildi & n pbannig ad Anna hafi 6rugga vinningsleid.

Deemi 4. Latum A, B, C og D vera punkta & hringnum w pannig ad ABCD
sé uthyrndur (kdaptur) ferhyrningur. Gerum rad fyrir ad AB og CD skerist {
punkti E bannig ad A liggi 4 milli B og E og ad BD og AC skerist i punkti F'.
Latum X # D vera punktinn & w pannig ad DX og EF séu samsida. Latum Y
vera spegilmynd D um EF og gerum rad fyrir ad Y sé innan hringsins w.
Synid ad A, X og Y liggi 4 sému linu.
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Problem 1. On a blackboard a finite number of integers greater than one
are written. Every minute, Nordi additionally writes on the blackboard the
smallest positive integer greater than every other integer on the blackboard and
not divisible by any of the numbers on the blackboard. Show that from some
point onwards Nordi only writes primes on the blackboard.

Problem 2. Find all functions f: R — R satisfying that for every x € R,
fla(l+2)) <z < f2)(1+|f(2)]).

Problem 3. Let n be a positive integer. Alice and Bob play the following
game. First, Alice picks n + 1 subsets Aj,..., A,41 of {1,...,2"} each of size
27=1 Second, Bob picks n + 1 arbitrary integers ay,...,a,,1. Finally, Alice
picks an integer t. Bob wins if there exists an integer 1 <i <n+1 and s € A4;
such that s +a; =¢ (mod 2"). Otherwise, Alice wins.

Find all values of n where Alice has a winning strategy.

Problem 4. Let A, B,C and D be points on the circle w such that ABCD is
a convex quadrilateral. Suppose that AB and C'D intersect at a point E such
that A is between B and E and that BD and AC intersect at a point F. Let
X # D be the point on w such that DX and EF are parallel. Let Y be the
reflection of D through EFF and suppose that Y is inside the circle w.

Show that A, X, and Y are collinear.



